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Abstract—In this paper we present a mathematical model for freezing out a component from a bicomponent

alloy that forms a eutectic. The model takes into account the change of physicochemical parameters of the

process with time and freezing-out space and the occlusion phenomena on the phase boundary. From the

numerical solution the effect of the process parameters on the efficiency of separation measured by the
separation coefficient can be determined.

NOMENCLATURE

molar concentration [mol 171]
specific heat [J kg™ ! K™1]
diffusion coefficient [m? s~ 1]
heat of solidification [J kg~ ']
integration step

separation coefficient, C,/C, [dimensionless]
temperature [K]

time [s)

rate of solidification [m s~ 1]
rate in the liquid alloy [m s~ 1]
spatial coordinate

mole fraction [dimensionless]).

R B T~ Rl o

Greek symbols

a occlusion coefficient [dimensionless]
& boundary layer thickness [m]
A thermal conductivity [Wm~! K~1]
u  viscosity [Pa s]
p mass density [kg m~3].
Subscripts
K benzoic acid
1 liquid
N naphthalene
s solid.

INTRODUCTION

THE PHENOMENA of composition separation during the
state of aggregation change is widely used in many
processes. This separation effect occurs in the
solidification of liquid mixtures, anditis applied in zone
melting and freezing-out processes. Zone melting is a
type of fractional crystallization process. It was
described by Pfann [1]. Freezing-out processes are
connected with removing liquid mixture components
during cooling. The components pass across to the
solid phase in a zone where the temperature is reduced.
Freezing-out methods, although seldom used, are
interesting because of their possible applications in the
food, plastics, varnishes, and pharmacy industries
among many others. Nowadays we know some

1141

different technical solutions of the freezing-out process.
One of the most simple and often used methods is the
separation of mixtures in so-called rotary drum
freezers. The solid phase settles on the surface of a
cooled drum plunged in the liquid alloy. Knowledge of
its quantitative and qualitative behaviour has
fundamental importance for technical applications of
this process. In the case of drum freezers it is connected
with defining the effectiveness and efficiency of the
separation process. The efficiency is determined by the
thickness of the solid phase settling on the drum layer.
Experimental studies by Chaty [2], Hayakawa et al.
[3]and Gradon [4] gave the basis for determining the
effect of some of the parameters of the freezing-out
process, so we can make the following conclusions:

(a) molten mixture mixing intensity growth causes
better separation but the thickness of the frozen-out
layer decreases;

(b) cooling medium temperature growth causes
better separation and decreases the thickness of the
solid phase layer;

(c) there exists an optimal range of mixture
temperatures connected with crystallization equili-
brium, for this range the separation is the best;

(d) the solid phase layer thickness depends in-
significantly on the admixture concentration, the
admixture effect depends on the degree of separation.

We cannot determine the effect of all the parameters on
the process on the basis of experimental studies, so we
have to solve the problem by constructing an adequate
mathematical model of the analysed phenomena.

In 1889 Stefan in his work The Soil Freezing
presented and analysed the following two problems
(known as Stefan problems).

(1) The two-phase medium (liquid and solid) fills the
space x > 0. Heat transport occurs by conduction only.
At first the system temperature is constant T, > 0. The
surface temperature at x = 0 is constant T; < 0 and
there occurs an isothermal crystallization at the
temperature T = 0. The process goes on without
supercooling and the volume effect is negligible.

(2) The conducting medium fills the space — co < x
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< 0. At first the liquid phase temperature is T, > 0.
The liquid phase fills the space 0 < x < 0. The other
conditions stand as in problem (1). In both cases we
should determine the temperature distribution T (x, 1)
and Tyx,t) and the phase separation boundary
location x = y{t). The first method to solve Stefan’s
problem was made by Briliusin 1931. He tried to reduce
this problem by solving a system of nonlinear
differential equations. That way of treatment turned
out to be wrong even now, as the analytical methods
are developed. We know partial and asymptotical
solutions that only give us simplifications of real
conditions.

For a practical description of the freezing-out
process in liquid alloys, taking into account the
equilibrium on the phase separation surface, we can use
the following simplifications

(a) in the so-called two-phase Stefan problem we
assume that physicochemical parameters are constant
in the liquid and solid phases, we neglect the mass
density change during the phase change. We assume
also, that mass and heat is propagated by diffusion and
molecular conduction [5];

(b) we widen the previous model (diffusion in the
boundary layer in the liquid phase) assuming constant
concentration on the phase boundary and constant
rate of the crystallization front shifting [6];

(c) we assume a linear distribution of concentration
in the liquid phase boundary layer, the pressure change
on the phase separation surface and the change in the
rate of the crystallization front [7].

Other published works modify the above drifts only
slightly. Most of the results of the engineering problems
obtained in this way can be applied only for a
quantitative estimation. These results cannot establish
the basis for analysing the process.

MATHEMATICAL DESCRIPTION OF
THE PROCESS

In a sink with a mixer (Fig. 1) we have a
bicomponent alloy. The liquid phase core tempera-
tureis T, and the frozen-out component concentration

Solid phase

——

™~

—-Liquid olio
7 q y

I

Fi1G. 1. Outline of freezing-out system.
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F1G. 2. Crystallization equilibrium for naphthalene-benzoic
acid mixture.

is C,.. In this sink is also a turning barrel with a wall
temperature T,. For making computations we analyse
a naphthalene-benzoic acid system that forms a
eutectic. Figure 2 shows the crystallization equilibrium
curve for this system. Figure 3 presents an illustration of
the physical conditions of the model. Our mathematical
model was derived on the basis of the following
assumptions:

{a) the barrel radius is much bigger than the
boundary layer thickness, so we can treat this problem
as one-dimensional ;

{b) the crystallization centres are uniformly
arranged on the interface, the quantity of centres
is satisfactory;

(c) there is a local thermodynamical cquilibrium on
the interface;

(d) we neglect the thermodynamical effects and the
components’ diffusion in the solid phase;

(e) we neglect the pressure gradient and energy
dissipation;

() external fields do not affect the system.
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F1G. 3. Physical conditions of the solidification process for a
bicomponent alloy -an illustration
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The model regards the change in physicochemical
parameters during freezing out and the occlusion on the
interface.

Mass, momentum and energy balances were
determined on the basis of the boundary layer model in
the inertia coordinate system connected with the
interface.

The basis for all of the balances presented below is the
time period At. Uniform surfaces S normal to the x-
direction have a distance Ax (Fig. 4). We will present
final results of the mass and energy balances and the
boundary and initial conditions for each of these
equations. Subscripts 1 and s stand for the liquid phase
and the solid phase, respectively. Where double
subscripts are used the second subscript N or K stands
for naphthalene or benzoic acid.

MASS TRANSPORT EQUATION IN
THE SOLID PHASE

aCs,N(x9 t) + aCs,N(x’ t) .

—u(t) o Py 0, (1a)
Con(x,0) =0, (1b)
Con(0,2) = C, (®). (Lo)

ENERGY TRANSPORT EQUATION IN
THE SOLID PHASE

According to the assumptions made earlier, the
energy transport occurs only by comvection and
conduction. The final equation is

é OTx, 1)
- 5; </15(X, t) ox >
0
- u(t) 6_ (ps(x, t)cps(xs t) T;(X, t))
X

0
+ a (ps(x7 t)cps(x, t)’I;(x7 t)) = 0’ (23.)

7;(()’ 0) = TO,
T;(O’ t) = TK(t)i T;( - u(t)t9 t) = TE)

(2b)
(20)

5' S
!
I

mlx, ) [dM, (x, t)

I

/)—__—‘—f

mx+Ax,t)

Ax x

F1G. 4. Control volume for mass balance.
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MASS TRANSPORT EQUATION IN
A LIQUID ALLOY

The equation contains some elements of diffusion
and convection. The convection flux rate is V(x, t). This
parameter value and its definition is given below

0 Oynix,
- 5;<DN_K(x, 90y ”)
+ 2 Wi iCont )+ Z02ED ()
ox ot
Cin,0) = C.o, (3b)
Cl,N(Oa t) = Cl.O(t)7 CI,N(éc’ t) = Coo’ (30)

where

Cl,N(xs t)
Cin, )+ Cix(Cip T

yN(x’ t) =

ENERGY TRANSPORT EQUATION IN
A LIQUID ALLOY

a dT(x, 1)
o

(Vs 01 e, D 1)
X

0
- a (DN.K(xs t)C,(x, t)MNCpl,N(xs t)’I;(x! t)

0
X 5 yN(xa t))

0
™ (DK,N(Xa HCYx, My x(x, O Ti(x, 1)

<2 o)
0
+ ;?? (pl(xa t)cpl(x’ t)’I{(X, t)) = 0’ (4a)
h(x,0) = T,, (4b)
’I;(Os t) = TK(t)’ Ti(ét: t) = Too' (4C)

CONTINUITY EQUATION IN A LIQUID ALLOY

i
0‘ (p](x! t)V(x’ t))
X
i, 0
™ (DN.K(X’ )Cx, )My T i, t))

0 ]
T (DK,N(X’ HC(x, )My o nlx, t))

0
+ E(pl(x, ) =0, (5a)
with the boundary condition
V(0,8 = —u(®)+f(x, Du(r). (5b)
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The first term of the sum in equation (5a) is connected
with analysing the process in a moving coordinate
system, while the second term represents the rate of
liquid movement caused by the change in mass density
during the phase change. We calculate the function
f(x,1) on the basis of a simple differential balance. We
assume that during the time period, At, the liquid
volume changes, AV, into the solid phase volume, AV,
The function f{(x, ) is given as

e
pl(xs l) ‘

S =1

DIFFERENTIAL MASS BALANCE ON
THE INTERFACE

—U(O)C, (0.~ VIO, NC, (0, 1)
+ Duxl0.0C0.0)~ y(x. Do = 0. (62)
cX

Moreover

CS,N(O’ t) = Cs,O(t)’ Cl,N(O’ t) = Cl,()(l)'

We can determine C, 4(t) and C,,(t) values on the
crystallization surface for a given time and a given
temperature, Ty, from the crystallization equilibrium
curve; for C, o(t) we take into account the occlusion
phenomena

Cyo(t) = MT1)),
C,o(t) = (1 — o)) f T (£)) + ot) [ Tk (1))-

The crystallization equilibrium curve shown in Fig. 3
was approximated by second-order polynomials [ f|(T)
and f(T)] using the least squares method.

We define the occlusion coefficient, o, as a frozen-out
volume fraction filled with a liquid phase closed among
crystals of the dendritic form. This coefficient is also the
crystallization ratio function. The definition of «(t) is
given below.

(6b)
{6¢)

DIFFERENTIAL ENERGY BALANCE
ON THE INTERFACE

q

C
_)“S(O’ t)g( T;(X, t)lx:()

- u(t)ps(ov t)cps(oa t) 7;(0’ t)
0

+ AI(O’ I)CF’* Tl‘(x’ l)‘x:()
X

—u(0)p(0, ), (0, HTHO, 1)
+ DN,K(O’ t)Cl(O’ t)MNCpl,N(()’ t)Ti(O’ t)

~

¢
X ayN(x, t)lxzo

+ Dy N0, YCHO, M €,y N0, ) TH0, 1)

~

x —C%C—yx(x, Dl —o— ()0, HH(D) = 0,  (Ta)
T(0, 1) = Tild),

T0,1) = Tk(®). (7b)
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DEFINITION OF THE PROCESS PARAMETERS
OCCURRING IN THE MATHEMATICAL DESCRIPTION

For solving the problem formulated by the equa-
tions system, equations (1}«7), we must know the
physicochemical properties of the system, mainly the
parameters occurring in the equations system as
functions of concentration and temperature.

To determine these functions we use literature data
[8] and our own experimental data [9]. The numerical
data were approximated by polynomials of the
necessary order using the least squares method. In the
case of a lack of numerical values we used correlations.
The final analytical correlation functions are nonlinear
and complicated, so we present only the origin of the
correlation.

(1) The diffusion coefficient for the liquid component
is calculated according to Wilke’s method [10], the
mass density as a temperature function gives the
Andrade formula [11].

(2) The liquid phase heat conduction coefficient was
determined using Filippov and Novosielova’s method
[127; the conduction coefficient for the pure com-
ponent was calculated using Rabbius and Kinger’s
method.

(3) The heat of phase transition as a temperature
function was determined from the following equation

dH H H [(dAV
ar ~ et T xv(a"fl’
where
Ac, = cp—Cp,
and

AV = V,— V.

(4) Boundary layer thickness. The energy balance on
theinterface [equation (7a)], while the solid phaselayer
thickness is maximal [V(0,) = 0], is

OTx,t : ,
0] a0 Y 0. @®)
17 S N a0

—240,1)

The temperature distribution in the solid material
thermal boundary layer can be treated as linear, as was
confirmed during computations if time is sufficiently
long

— 0, t)w

max t

For long times the following assumption is admissible

lim C(0,t) = C and lim Ti(f) = f| (o0). (10)

t—= o t-r e
Based on the analysis presented above the thermal
boundary layer thickness for a given d,,, can be
estimated. On the basis of the experimental data [9] for
different hydrodynamical conditions we find, that the
thickness &, value is in the range 5 x 107 °—4 x 10”* m.
According to the film model of mass and heat
penetration, the boundary layer thickness ratio from
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M

F1G. 5. Schedule for computations of equations (1)7).

the Chilton—Colburn correlation is given in the form
S _ ( Ailx, 1) )"3
5c D(x’ t)cpl(xa t)pl(x’ t) .

(5) The occlusion coefficient. The occlusion pheno-
menon is connected with conditions and mechanisms
of crystal growth. This effect is noticed when the
difference of process parameters is significant, so the
growth is quick. Until now we had no theoretical basis
for determining the analytical form of the occlusion
function. A literature analysis 4] gives the suggestion,
that dendritical crystal growth is responsible for
occlusion.

Langer and Miiller-Krumbhaar [13-16] proposed
the stability criterion for given crystal curvature under
given growth conditions. The instabilities are spatially
oscillating modes localized at the tip. Interferences of
branches at neighbouring crystals are the reason why
occlusion takes place. On the basis of their analysis and

(11)
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FIG. 6. Temperature distribution in a thermal boundary layer
and in a solid layer for different process times.
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FiG. 7. Naphthalene concentration distribution in a con-
centration boundary layer and in a solid layer for different
process times.

experimental studies the occlusion function is given as

b
ot)=a exp(— 1—46)’

where a and b are positive constants.

12

EQUATIONS SYSTEM, EQUATIONS (1)~(7), SOLUTION

The equations system, equations (1)}(7), with
nonlinear coefficients was solved using the difference
method. We applied the Crank—Nicolson method with
the difference operators, A, and the mean differences,
and p2.

The network scheme is shown in Fig, 5.

We isolate two problems connected by the balance
on the interface and analyse separately the concen-
tration and temperature distributions in the liquid and
solid phases. This network enables us also to solve this

w2 ——=7,=360.16 K
E —— 7,=355.16 K
o To =341.36 K
t
o
T 5:=5x10°% m
3
N 7 t
o] 10 30 50
t (s)

F16G. 8. The rate of solidification as a function of time.
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FiG. 9. Interphase surface temperature as a function of time.

problem for a given solid phase thickness. The Crank—
Nicolson method gives the convergence of the solution
for finite values of  and (¢ k). The stability was verified
during computer experiments, so that we can reduce the
differential equation system, equations (1)-(7), to the
difference equation system using the above-mentioned
method.

Please note that for computation of the value of
functions u(t;) and T(t;) in a given moment ¢; we use
equations (6a) and (7a). At the moment ¢; the
concentration and temperature distribution near the
interface is specified.

RESULTS

We present an example of computations for the
following data : raw liquid mixture containing 90 wt %,
of naphthalene and 10 wt %, of benzoic acid, liquid core
temperature T,, = 355.16 and 360.16 K, and isother-
mal cold wall temperature T, = 341.16 and 354.16 K.
The computations were made for four values of the
thermal boundary layer thickness—d, = 5x 1072,
1x107% 2x 1074 and 5x 10™* m. This wide range
gives possibly the complete effect of hydrodynamical
conditions on the process.

Figure 6 presents the temperature profiles in the
liquid medium and in the thermal boundary layer for
different process times. The real temperature distri-
bution can be approximated at any moment by the

7, =355 .16 K
3 7o =341 36 K

3x 104

t (min)

F1G. 10. Solid phase layer thickness as a function of time for
different thermal boundary layer thicknesses.
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(m)

& max X 107

T =360 16 K 7,=345.16 K
T =355.16 K 7,:=34516 K

[¢] I1x107% 2x107% 3x107% 4x107% 5x107*

-
Mixing intensity A (m)

FiG. 11. Maximum solid phase layer thickness as a function of
the thermal boundary layer thickness.

straight line. The linear approximation for the
naphthalene concentration distribution in the concen-
tration boundary layer is permissible after long enough
time (Fig. 7). The curve presenting the crystallization
rate as a function of time monotonically decreases. The
initial steep decrease of the rate u is caused by the
temperature difference of the crystallization surface
and the liquid (Fig. 8). The character of the function u(z)
is important for the product purity, because « is a
function of u(t).

Figure 9 presents the crystallization surface tem-
perature as a function of time. It is easy to prove that
there exists an asymptote T = const. which represents
the temperature in which the liquid alloy becomes a
saturated solution. Analysing Figs. 1012 we can notice
that:

(a) when the liquid alloy temperature grows, the
maximum solid phase layer thickness and the freezing-
out time decreases, the distribution coefficient in-
creases;

(b) thecoolingmedium temperature growth causesa
decrease of the maximum solid phase layer thickness,
anincrease of the distribution coefficient and a freezing-
out time elongation ;

(c) the mixing intensity increase causes a reduction
ofthe maximum solid phase layer thickness, an increase
of the distribution coefficient and a freezing-out time
shortening.

I Ty :360.16 K 75 +341.36 K

0.25 2 T,=355.16 K T5=341.36 K
3 7,:35516 K T,:=345.16 K
4 T,:360.16 K 7,:345.16 K

|
0.15
X
0.05
) i {
o 1x107% 2x107% 3x107% 4x107% 5x107%

B¢ (m)

F1G. 12. Distribution coefficient as a function of the thermal
boundary layer thickness.



Liquid mixtures separation in a freezing-out process

E
- 7,=355.16 K; 8,=5x10°%m
1S Toi=341.36 K; T,=336.16 K
»
N

SN \ |
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¢ s}

F1G. 13. Solid phase layer thickness as a function of time for a
two-chamber freezer.

These results confirm conclusions presented in
experimental works [2, 9].

Another important problem is the process intensifi-
cation. In barrel freezers this is limited by the increasing
solid phase layer thickness and the decreasing
distribution coefficient.

Till now the solid layer thickness growth was reached
by reducing the cooling medium temperature below T;,
but the final product quality was deteriorated. We
suggest that the freezer is divided into sections with
different cooling medium temperatures, The tempera-
ture should decrease in the direction of the barrel
motion. Example computations for two-chamber
freezers are presented in Figs. 13 and 14. The separation
efficiency is doubled, while the distribution coefficient is
comparable with the coefficient for a one section
system.
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SEPARATION DES MELANGES LIQUIDES PAR CONGELATION

Résumé—Le travail represente le modele mathematique de la frigelisation du composant en alliage binaire

formant un eutectique simple. Le modele prend en consideration le changement des parametres physico-

chimiques du processus en temps et espace de frigelisation ainsi que le phenomene de Pocclusion sur

Finterphase. La solution numerigue du modele definit Pinfluence des conditions du processus sur son efficacite
exprimee par le coefficient de separation.

DIE TRENNUNG VON FLUSSIGKEITSGEMISCHEN IN EINEM AUSFRIER-PROZES

Zusammenfassung—In vorliegender Arbeit wurde das mathematische Modell des Ausfrierens einer

Komponente aus der Zweikomponenten-Schmelze mit einem eutektischen Punkt untersucht. In dem Modell

wurden die Zeit- und Rauminderungen von physikalisch-chemischen Parametern sowie die an der

Phasengrenze auftretende Okklusion beriicksichtigt. Aus der numerischen Lésung des Modells lisst sich der

Einfluss von Prozess-bedingungen auf die durch den Verteilungskoeffizienten ausgedriickte Trennwirkung
des Ausfrierens bestimmen.
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PA3IEJEHUE CMECEHN XXMAKOCTEN B MPOLIECCE BbIMOPAKUBAHUS

Aunoranus—IIpennoxeHa MaTeMaTHYeCKas MOJE)Ib IPOLECCA BHIMOPAKUBAHUS OLHOH M3 KOMIIOHEHT

ZBYXKOMIIOHEHTHOTO 3BTEKTHYECKOro CrilaBa. Molens yuHTBHIBaeT H3MEHEHHE BO BPEMEHH (HU3MKOX-

HUMHYECKHX 1apaMETPOB NPOLECcca, 00JaCTH BLIMOPAXHBAHKSA, 4 TAKXKE OKKJIIO3MHM HA I'PaHALE pa3nena

ba3. YHCIEHHBIM pellleHHEM ONpPEAC/ICHO BJIMSHHE NapaMeTPOB npouecca Ha pGekTHBHOCTL pa3-
JIeJICHHSA, OIpeaeseMyo KOXpPHUIHEHTOM pa3aeecHus.



